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a b s t r a c t
In a recent paper, Hladký et al. (2009) (see [8]) proved that for α ≥ 0.3465, any digraph
D of order n with minimum out-degree at least αn contains a cycle of length at most 3.
Hamburger et al. (2007) (see [7]) proved that forβ ≥ 0.34564, anydigraphDof ordernwith
both minimum out-degree and minimum in-degree at least βn contains a cycle of length
at most 3. In this paper, by using the first result, we slightly improve the second bound.
Namely, we prove that for β ≥ 0.343545, any digraph D of order n with both minimum
out-degree and minimum in-degree at least βn contains a cycle of length at most 3. This
result will be in fact a consequence of a quite general result.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction, notation
The notation is that of [1].
We consider only digraphs without loops and parallel arcs. For a digraph D, we denote by V (D) the vertex set of D, by
A(D) the arc set of D. The size a(D) of D is the number of the arcs of D. Two vertices x and y of D are adjacent if at least one of
the couples (x, y) and (y, x) is an arc of D. When x and y are not adjacent, we say that {x, y} is a non-edge of D. The order of D
is the number of the vertices of D. By n-vertex digraph, we mean a digraph of order n. For a set S of vertices of D, we denote
by D[S] the subdigraph of D induced by S, that is, the digraph whose vertex set is S and whose arcs are the arcs of G with
both vertices in S.
For a vertex x, an out-neighbor of x is a vertex y such that (x, y) is an arc of D. We write N+D (x) for the set of out-neighbors
of x, and |N+D (x)| is the out-degree d+D (x) of x. An in-neighbor of x is a vertex y such that (y, x) is an arc of D. We write N−D (x)
for the set of in-neighbors of x, and |N−D (x)| is the in-degree d−D (x) of x. When no confusion is possible, we omit the subscript
D. It is well-known that the size of D is
∑
x∈V (D) d
+
D (x), which equals
∑
x∈V (D) d
−
D (x). The minimum out-degree d
+(D) of D is
the smallest of the out-degrees of the vertices of D and the minimum in-degree d−(D) of D is the smallest of the in-degrees
of the vertices of D.
A path of length k of D is a list x0, . . . , xk of distinct vertices such that (xi−1, xi) ∈ A(D) for 1 ≤ i ≤ k. A cycle of length
k ≥ 2 is a list x0, . . . , xk−1, x0 of verticeswith x0, . . . , xk−1 distinct, (xi−1, xi) ∈ A(D) for 1 ≤ i ≤ k−1 and (xk−1, x0) ∈ A(D).
A digon is a cycle of length 2, and a triangle is a cycle of D of length 3. The girth g(D) of D is the minimum length of the cycles
of D.
Caccetta and Häggkvist (see [3]) conjectured in 1978 that the girth of any digraph of order n and minimum out-degree
at least d is at most ⌈n/d⌉. The conjecture is still open when d ≥ n/3; in other words it is not known whether any digraph
of order n and minimum out-degree at least n/3 contains a cycle of length at most 3. In fact, it is also unknownwhether any
digraph of order nwith both minimum out-degree andminimum in-degree at least n/3 contains a cycle of length at most 3.
Two questions were naturally raised:
Question Q1. What is the minimum constant c such that any n-vertex digraph withminimum out-degree at least cn contains
a cycle of length at most 3?
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QuestionQ2.What is theminimumconstant c ′ such that any n-vertex digraphwith bothminimumout-degree andminimum
in-degree at least c ′n contains a cycle of length at most 3?
It is known that c ≥ c ′ ≥ 1/3, and the conjecture is that c = c ′ = 1/3. Caccetta and Häggkvist proved in 1978 (see [3])
that c ≤ 3−
√
5
2 ≈ 0.382. Bondy proved in 1997 (see [2]) that c ≤ 2
√
6−3
5 ≈ 0.3798. Shen proved in 1998 (see [9]) that
c ≤ 3−√7 ≈ 0.35425. Hamburger, Haxell, and Kostochka proved in 2007 that c ≤ 0.35312.
As regards c ′, Graaf, Schrijver, and Seymour proved in 1992 (see [6]) that c ′ ≤ 0.3487. Shen proved in 1998 (see [9])
that c ′ ≤ 0.3477. Hamburger, Haxell, and Kostochka proved in 2007 that c ′ ≤ 0.34564 (see [7]). For other details on the
Caccetta–Häggkvist conjecture, see [10].
In a very recent paper (see [8]), Hladký et al. proved that c ≤ 0.3465. In our paper, by using this result, we slightly
improve the best result on c ′ by proving that c ′ ≤ 0.343545, namely:
Theorem 1.1. For β ≥ 0.343545, any n-vertex digraph with both minimum out-degree and minimum in-degree at least βn
contains a cycle of length at most 3.
We prove this theorem by proving a more general theorem, namely:
Theorem 1.2. Let α be a real number with 0.3434 ≤ α ≤ 0.3465 such that every n-vertex digraph with minimum out-degree
at least αn contains a directed cycle of length at most 3. If β < α, and β >

3− α2
α+1
−1
, then every n-vertex digraph with both
minimum out-degree and minimum in-degree at least βn contains a cycle of length at most 3.
A result of Chudnovsky et al. (see [5]) asserts that one can delete k edges from a triangle-free digraph D with at most k
non-edges to make it acyclic. Hamburger, Haxell, and Kostochka used this to prove in [7] that in a triangle-free digraph D
with at most k non-edges, δ+(D) <
√
2k (and δ−(D) <
√
2k also). Chen et al. (see [4]) improved the initial result of [5]
by asserting that one can delete 0.8616k edges from a triangle-free digraph D with at most k non-edges to make it acyclic.
From this result, by using the reasoning of Hamburger et al. in [7], it is easy to prove that in a triangle-free digraph D with
at most k non-edges, δ+(D) <
√
1.7232k and δ−(D) <
√
1.7232k. As the maximum size of an oriented graph of order n is
n(n−1)
2 , an immediate consequence is:
Lemma 1.3. If D is a triangle-free oriented graph of order n, then a(D) < n
2
2 − (δ
+(D))2
1.7232 and a(D) <
n2
2 − (δ
−(D))2
1.7232 .
2. Proof of Theorem 1.2
By hypothesis, c ≤ α. This means that an n-vertex digraph without cycles of length at most 3 contains a vertex of out-
degree less than αn and a vertex of in-degree less than αn.
Suppose that Theorem 1.2 is false. Among the digraphs satisfying the required conditions and not having cycles of length
at most 3, let us consider one of minimum order, and among these digraphs of minimum order, let us consider those of
minimum size. Let D denote this digraph. Clearly, D is an oriented graph (no digons), and for any arc (x, y) of D, at least one
of the integers d+D (x) and d
−
D (y) is equal to ⌈βn⌉.
For convenience, define d = ⌈βn⌉ and m = n/d. By construction, D is an oriented graph of order md, with m ≤ 1/β <
3− α2
α+1 , without triangles, with bothminimum out-degree andminimum in-degree at least d. Also, after deletion of any arc,
some vertex will have either in-degree or out-degree less than d. Observe that since α
2
α+1 < 3−m, we get 3−m > 0.0877
and thenm < 2.9123.
For (u, v) ∈ A(D), let T−(u, v) = N−D (u) ∩ N−D (v), T+(u, v) = N+D (u) ∩ N+D (v), t−(u, v) = |T−(u, v)|, t+(u, v) =
|T+(u, v)|, t−1 (u, v) = t
−(u,v)
d , and t
+
1 (u, v) = t
+(u,v)
d .
With D as described above, we will list and prove (when not previously known) several claims. We begin with three
properties proved in [6]:
Lemma 2.1. (a) There exists a vertex of D with both in-degree and out-degree equal to d.
(b) For any vertices u, v, w of Dwith (u, v) ∈ A(D), (v,w) ∈ A(D), and (u, w) ∈ A(D), we have t−1 (u, v)+t+1 (v,w) ≥ 4−m.
(c) For any arc (u, v) of D, t−1 (u, v) ≥ 3−mα and t+1 (u, v) ≥ 3−mα .
Since 3 − m > α2
α+1 , for any arc (u, v) of D we have t
−
1 (u, v) >
α2
α+1 × 1α , and therefore t−1 (u, v) > αα+1 . Since
α
α+1 ≥ 0.34340.3434+1 > 0.2556, we get t−1 (u, v) > 0.2556, and similarly we get t+1 (u, v) > 0.2556. We will later use these
results. From now on, as D is fixed, we omit the subscript D in any notation using it.
Let us consider a vertex x of D with d+(x) = d−(x) = d. For a partial visualization of what follows, see Fig. 1. Let
a1 = minu∈N+(x) t+1 (x, u) and a′1 = minu∈N−(x) t−1 (u, x). It is clear that a1 < α and a′1 < α. Let z be a vertex of N+(x) with
t+1 (x, z) = a1, and let z ′ be a vertex of N−(x) with t−1 (z ′, x) = a′1. Let A3 = T−(x, z) and a3 = t−1 (x, z) = |A3|d . Also let
A′3 = T+(z ′, x) and a′3 = t+1 (z ′, x) = |A
′
3|
d .
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Fig. 1. A vertex xwith d+(x) = d−(x) = d.
Let A = N+(z) \ T+(x, z) and A′ = N−(z ′) \ T−(z ′, x). Clearly, |A| ≥ d − da1, A ∩ N+(x) = ∅, and A ∩ N−(x) = ∅
(otherwise we would have triangles). Similarly, we have |A′| ≥ d − da′1, A′ ∩ N−(x) = ∅, and A′ ∩ N+(x) = ∅. Let
B = V (D) \ (N+(x) ∪ N−(x) ∪ {x} ∪ A) and B′ = V (D) \ (N−(x) ∪ N+(x) ∪ {x} ∪ A′). Let b = |B|d and b′ = |B
′|
d . Since|V (D)| = md, |N−(x)| = |N+(x)| = d, and |A| ≥ d(1− a1), we have b ≤ m+ a1− 3, and similarly we have b′ ≤ m+ a′1− 3.
Asm < 2.9123, we get b < a1 − 0.0877 and b′ < a′1 − 0.0877.
As a vertex u of A3 has in-neighbors neither in N+(x) nor in A, we deduce that u has at least d−db in-neighbors in N−(x),
which means in fact t−1 (u, x) ≥ 1− b. Similarly, for any vertex u′ of A′3, we have t+1 (x, u′) ≥ 1− b′. Clearly, a vertex u of A3
has at most db out-neighbors in N−(x), and a vertex u′ of A′3 has at most db′ in-neighbors in N−(x).
Our first result is related to b and a3 (and to b′ and a′3):
Claim 2.2. We have (1− α)a3 < b < a3 and (1− α)a′3 < b′ < a′3.
Proof. There exists a vertex u of A3 having fewer than αa3d in-neighbors in A3, and then u has fewer than (αa3 + 1− a3)d
in-neighbors in N−(x). Since u has at least (1− b)d in-neighbors in N−(x), it follows that (1− b)d < (αa3 + 1− a3)d, and
hence (1− α)a3 < b.
Suppose that the inequality b < a3 is false. Since b ≤ a1 + m − 3, we would have a3 ≤ a1 + m − 3, and hence
a1 ≥ a3 + 3−m. Since a3 ≥ 3−mα (Lemma 2.1(c)) and 3−m > α
2
α+1 , we would get a1 >
α2
α+1
 1
α
+ 1, that is a1 > α, which
contradicts a1 < α. So, we have b < a3. Similarly, we get (1− α)a′3 < b′ < a′3. 
Since b < a1 − 0.0877, we get a3 < a1−0.08771−α . Similarly, we have a′3 <
a′1−0.0877
1−α . Since a1 < α ≤ 0.3465, we get
a3 < 0.3961. Similarly we have a′3 < 0.3961.
Claim 2.3. (a) We have a1 ≥ (1− α)a3 + 3−m and a′1 ≥ (1− α)a′3 + 3−m.
(b) We have a3 ≥ (1− α)a1 + 3−m and a′3 ≥ (1− α)a′1 + 3−m.
Proof. (a) There exists a vertex v of A3 having fewer than αa3d in-neighbors in A3. It follows then that t−1 (v, x) ≤
1− (1− α)a3. By Lemma 2.1(b), we have t−1 (v, x)+ t+1 (x, z) ≥ 4−m. We deduce then 4−m− t+1 (x, z) ≤ 1− (1− α)a3,
that is 4−m− a1 ≤ 1− (1− α)a3, and hence a1 ≥ (1− α)a3 + 3−m. Similarly, we get a′1 ≥ (1− α)a′3 + 3−m.
(b) There exists a vertex w of T+(x, z) having fewer than αa1 out-neighbors in T+(x, z). Then w has more than
(1− α)a1d out-neighbors in N+(x) \ T+(x, z), and none of these out-neighbors is an in-neighbor of z (otherwise we would
have triangles). Furthermore, none of the vertices of T+(x, z) is an in-neighbor of z. We then deduce that z has at most
[1 − (2 − α)a1]d in-neighbors in N−(x). Since z has at most (a3 + b)d in-neighbors not in N+(x), it follows that z has at
least (1 − a3 − b)d in-neighbors in N+(x). It follows that 1 − a3 − b ≤ 1 − (2 − α)a1, and hence a3 + b ≥ (2 − α)a1.
From b ≤ a1 + m − 3, we get a3 + a1 + m − 3 ≥ (2 − α)a1, and hence a3 ≥ (1 − α)a1 + 3 − m. Similarly, we get
a′3 ≥ (1− α)a′1 + 3−m.
Now, without loss of generality, we can suppose that a1 ≤ a′1. The development of the proof is the following:
By proving first some intermediate results, and according to the values of a1, we give lower bounds on the number of
the arcs of D[N−(x)]. Meanwhile, by using Lemma 1.3, we give upper bounds on this number of arcs. Each time, the two
inequalities will be contradictory, which will complete the proof. 
Another intermediate result is:
Claim 2.4. We have a1 + αa3 − α > 0.
Proof. From a1 > αα+1 and a3 >
α
α+1 , we get a1 + αa3 > αα+1 + α
2
α+1 = α, and hence a1 + αa3 − α > 0. 
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Since a3 < 0.3961,N−(x) \ A3 is a nonempty set. Let A4 denote the set of the vertices of N−(x) \ A3 having fewer than
α(1− a3)d in-neighbors in N−(x) \ A3. Note that A4 is nonempty (otherwise we would have triangles). We state now:
Claim 2.5. Every vertex v of A4 has at least one in-neighbor in A3.
Proof. The vertex v has at least a1d in-neighbors in N−(x) and fewer than α(1 − a3)d in-neighbors in N−(x) \ A3. Since
α(1− a3)d < a1d (Claim 2.4), it follows that v has more than [a1 − α(1− a3)]d > 0 in-neighbors in A3, and therefore the
result is proved. 
From now on, we fix a vertex v of A4, and we let t = t−1 (v, x) and t ′ = |T
−(v,x)∩A3|
d . Clearly t ≥ a′1 ≥ a1. We have
t ′ > t − α(1− a3). Since t ′ ≤ a3, it follows that t − α(1− a3) < a3, and hence t < (1− α)a3 + α. Since (1− α)a3 < b, we
get t < b+ α. Since b ≤ a1 +m− 3 < a1 − 0.0877, we get
t < α + a1 − 0.0877. (1)
Since α ≤ 0.3465 and a1 < α ≤ 0.3465, we deduce t ≤ 0.6053.
There exists a vertexw of T−(v, x)∩A3 having fewer than αt ′ in-neighbors in T−(v, x)∩A3. We deduce then t−1 (w, v) <
t − (1− α)t ′ + b, and hence t−1 (w, v) < t − (1− α)[t − α(1− a3)] + b, that is t−1 (w, v) < αt + (1− α)α(1− a3)+ b.
Since b < a1 +m− 3 < a1 − 0.0877, we get
t−1 (w, v) < αt + (1− α)α(1− a3)+ a1 − 0.0877. (2)
Since α ≤ 0.3465, a1 < 0.3465,m < 2.9123, a3 > 0.2556 and t ≤ 0.6053, we get t−1 (w, v) < 0.3465×0.6053+0.6535×
0.3465(1 − 0.2556) + 0.3465 − 0.0877, and hence t−1 (w, v) < 0.6371. By Lemma 2.1(b), we have t−1 (w, v)+ t+1 (v, x) ≥
4−m > 1.0877. It follows that
t+1 (v, x) > 1.0877− t−1 (w, v). (3)
Since t−1 (w, v) < 0.6371, we get t
+
1 (v, x) > 1.0877− 0.6371, that is t+1 (v, x) > 0.4506.
For any vertex y of T+(v, x), by Lemma 2.1(b), we have t+1 (x, y) ≥ 4−m− t , and hence
t+1 (x, y) > 1.0877− t. (4)
It is easy to see that a1 < 1.0877 − t < 1 − b′ and that t+1 (v, x) > a′3. We deduce then a(D[N+(x)]) > a′3(1 − b′) +
(t+1 (v, x)− a′3)(1.0877− t)+ (1− t+1 (v, x))a1. It is easy to see that t+1 (v, x) > 1.0877− t−1 (w, v) and 1− b′ > 1.0877− a′1
imply a(D[N+(x)]) > a′3(1.0877− a′1)+ (1.0877− t−1 (w, v)− a′3)(1.0877− t)+ (t−1 (w, v)− 0.0877)a1, that is
a(D[N+(x)]) > a′3(t − a′1)+ 1.0877(1.0877− t)− t−1 (w, v)(1.0877− t − a1)− 0.0877a1. (5)
According to the values of a1, we consider three cases:
Case 1: 0.30 < a1 < α.
From (1), we get t < 0.3465+0.3465−0.0877, that is t < 0.6053. By Claim 2.3(b), we have a3 ≥ (1−α)a1+3−m and
this implies a3 > (1− 0.3465)× 0.30+ 0.0877, that is a3 > 0.28375. Since a′1 > 0.30, we also get a′3 > 0.28375. From (2),
we get t−1 (w, v) < 0.3465t+0.6535×0.3465(1−0.28375)+0.3465−0.0877which yields t−1 (w, v) < 0.3465t+0.42099.
From (5)we get a(D[N+(x)]) > 0.28375(t−0.3465)+1.0877(1.0877−t)−(0.3465t+0.42099)(1.0877−t−a1)−0.0877a1,
and since a1 > 0.30, we get a(D[N+(x)]) > 0.28375t − 0.0984 + 1.18309 − 1.0877t − (0.3465t + 0.42099)(1.0877 −
t − 0.30)− 0.0877× 0.30; hence a(D[N+(x)]) > 1.08469− 0.80395t − (0.3465t + 0.42099)(0.7877− t)− 0.02631, and
hence a(D[N+(x)]) > 0.3465t2 − 0.6559t + 0.72676.
Since t → 0.3465t2 − 0.6559t + 0.72676 is decreasing on [0; 0.75], and since 0 < t < 0.6053, we get a(D[N+(x)]) >
0.3465 × 0.60532 − 0.6559 × 0.6053 + 0.72676, which yields a(D[N+(x)]) > 0.456. On the other hand, by Lemma 1.3,
we have a(D[N+(x)]) < 0.5 − a211.7232 , and since a1 > 0.3, we get a(D[N+(x)]) < 0.448 which is contradictory with
a(D[N+(x)]) > 0.456.
Case 2: 0.28 < a1 ≤ 0.30.
From (1), we get t < 0.3465+0.3−0.0877, that is t < 0.5588. By Claim 2.3(b), we have a3 ≥ (1−α)a1+3−m and this
implies a3 > (1− 0.3465)× 0.28+ 0.0877, that is a3 > 0.27068. Since a′1 > 0.28, we also get a′3 > 0.27068. From (2), we
get t−1 (w, v) < 0.3465t+0.6535×0.3465(1−0.27068)+0.30−0.0877,which yields t−1 (w, v) < 0.3465t+0.37745. From
(5) we get a(D[N+(x)]) > 0.27068(t−0.3465)+1.0877(1.0877− t)− (0.3465t+0.37745)(1.0877− t− a1)−0.0877a1,
and since a1 > 0.28, we get a(D[N+(x)]) > 0.27068t − 0.0938+ 1.18309− 1.0877t − (0.3465t + 0.37745)(1.0877− t −
0.28) − 0.0877 × 0.28; hence a(D[N+(x)]) > 1.08929 − 0.81702t − (0.3465t + 0.37745)(0.8077 − t) − 0.024556, and
hence a(D[N+(x)]) > 0.3465t2 − 0.71944t + 0.75986.
Since t → 0.3465t2 − 0.71944t + 0.75986 is decreasing on [0; 1], and since 0 < t < 0.5588, we get a(D[N+(x)]) >
0.3465×0.55882−0.71944×0.5588+0.75986, which yields a(D[N+(x)]) > 0.466. On the other hand, by Lemma 1.3, we
have a(D[N+(x)]) < 0.5− a211.7232 , and since a1 > 0.28,we get a(D[N+(x)]) < 0.455,which contradicts a(D[N+(x)]) > 0.466.
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Case 3: a1 ≤ 0.28.
From (1) we get t < 0.3465 + 0.28 − 0.0877, that is t < 0.5388. From (2), we get t−1 (w, v) < 0.3465t + 0.6535 ×
0.3465(1− 0.2556)+ 0.28− 0.0877, which yields t−1 (w, v) < 0.3465t + 0.360861. From (5), we get then a(D[N+(x)]) >
0.2556(t−0.3465)+1.0877(1.0877− t)− (0.3465t+0.360861)(1.0877− t− a1)−0.0877a1. Since a1 > 0.2556, we get
a(D[N+(x)]) > 0.2556t−0.08857+1.18309−1.0877t− (0.3465t+0.360861)(1.0877− t−0.2556)−0.0877×0.2556;
hence a(D[N+(x)]) > 1.09452 − 0.8321t − (0.3465t + 0.360861)(0.8321 − t) − 0.02242, and hence a(D[N+(x)]) >
0.3465t2 − 0.75957t + 0.77182.
Since t → 0.3465t2 − 0.75957t + 0.77182 is decreasing on [0; 1], and since 0 < t < 0.5388, we get a(D[N+(x)]) >
0.3465× 0.53882− 0.75957× 0.5388+ 0.77182, which yields a(D[N+(x)]) > 0.46315. On the other hand, by Lemma 1.3,
we have a(D[N+(x)]) < 0.5 − a211.7232 . Since a1 ≥ 0.2556, we get a(D[N+(x)]) < 0.463, which is contradictory with
a(D[N+(x)]) > 0.46315.
We have obtained a contradiction in all cases, and consequently Theorem 1.2 is proved.
We have seen that α = 0.3465 satisfies the conditions of Theorem 1.1 (see [8]). Since 0.343545 >

3− 0.346520.3465+1
−1
,
Theorem 1.1 is proved.
Theorem 1.2 is pertinent when

3− α2
α+1
−1
< α, that is, when α3 − 3α2 − 2α + 1 < 0. This in fact means α > α0,
where α0 is the unique root in [0, 1] of the equation y3 − 3y2 − 2y+ 1 = 0. It is easy to verify that 0.3433 < α0 < 0.3434,
and this explains the value 0.3434 in Theorem 1.2.
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